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Abstract. A finite group G is K- admissible if there is a G-crossed product 
if-division algebra. In this manuscript we study the behavior of admissibility 
under extension of number fields M/K. While tame admissibility goes down, 
wild admissibility goes up: if G is a wildly if-admissible p-group, for an odd 
prime p, having the Grunwald-Neukirch (GN) property over M, then G is also 
wildly M- admissible. We generalize this statement to odd order groups G with 
the GN-property over M, provided that the extension locally avoids a certain 
list of 29 sensitive extensions. On the other hand, we give an example of a 
quadratic extension M/K with a 2-group which is wildly i-T-admissible, and not 
even M-preadmissible. 

We also consider eight possible notions of being M -admissible with respect to 
a subfield K, where the field of definition of the division algebra, the maximal 
subfield or the Galois group is asserted to be K. We provide counterexamples 
for each implication between these notions which is not proved in the text. 



1. Introduction 

Let M be a number field. A group G is M-admissible if there is a G-crossed 
product M-division algebra, namely a division algebra D over M with a maximal 
subfield L, which is Galois over M with Galois group G. 

The basic facts about admissibility of groups, including tame and wild admissi- 
bility and preadmissibility, are reviewed in Section [2J 

Assuming that a group G is M-admissible, a natural question is what would 
be the field of definition of this property. Fixing a subfield K of M, one may 
ask whether or not G is already A-admissible, with a G-crossed product over K 
which remains a division algebra after scalar extension to M. Failing this strong 
assumption it is still possible that G is both K and M-admissible; that the G- 
crossed product D is defined over K (namely, D = Dq®kM for a suitable division 
algebra over K); that L is defined and Galois over K (namely L = Lq<S)kM where 
L /K is G-Galois); or that L is merely defined over K. 

In Section [3] we study eight variations of M-admissibility of a group G, with 
respect to a fixed subfield K of M. We provide a complete list of implications 
between those conditions, and in Section [7] provide counterexamples to every false 
implication. It turns out that for a cyclic group, the eight conditions are equivalent. 

For a prime v of a global field K, we denote by K v the completion of K with 
respect to v. If L/K is a finite Galois extension, L v denotes the completion of L 
with respect to some prime divisor of v in L. 

The basic criterion for admissibility over global fields is due to Schacher: 

Theorem 1.1 QllJ). Let K be a global field and G a finite group. Then G is 
K -admissible if and only if there exists a Galois G-extension L/K such that for 
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every rational prime p\ \G\, there is a pair of primes v±,V2 of A such that each of 
Qd\{L v J K Vi ) contains a p-Sylow subgroup ofG. 

A A-admissible group G is tamely K- admissible if there is a division algebra D 
over A with a maximal subfield L which is G-Galois over A, and such that D is 
split by the tamely ramified part of every completion of L. It is conjectured that 
any A-admissible group G which is not tamely admissible, is necessarily wildly 
admissible (see Subsection 12.21 for the definition of wild admissibility and more 
details). Let p be an odd prime. The conjecture is known to hold if G is a p-group 
satisfying the Grunwald- Wang property (see Subsection I2.3j) . 

Tame admissibility goes down: If a solvable group G is tamely admissible over 
M, then it is also tamely admissible over any subfield A. In Section H] we show that 
wild admissibility of odd p-groups exhibits the opposite behavior: If G is a wildly 
A-admissible p-group that has the Grunwald- Wang property over an extension field 
M, then G is also wildly M-admissible. On the other hand we give an example of 
a quadratic extension M/K with a 2-group which is wildly A-admissible, and not 
even M-preadmissible. 

A necessary condition for a group G to be fc-admissible is that it is realizable 
over k. When k is a p-adic field, the conditions are equivalent. In Section we 
study realizability of p-groups, for odd p, under extensions of local fields, preparing 
later applications to global fields. We show that, except possibly for 28 'sensitive' 
field extensions l/k for p = 3 and one sensitive extension for p — 5, every group G 
that is realizable over k has a subgroup G\ which contains a p-Sylow subgroup of 
G and is realizable over I. 

Finally, in Section [6] we study admissibility of arbitrary odd order groups under 
global field extensions. We say that a finite extension M/K of number fields is 
sensitive if one of its completions M v /K v is sensitive. We prove that in a non- 
sensitive extension M/K, if an odd order group G is inadmissible and has the 
Grunwald- Wang property over M, then it is M-admissible if and only if for every 
prime divisor p of |G| which has full degree in M/Q, the p-Sylow subgroup of G is 
metacyclic and satisfies Liedahl's condition (Definition 12.61) over M. 

2. Preliminaries 

2.1. Admissible groups. 

Definition 2.1. Let L/K be a finite extension of fields. The field L is K-adequate 
if it is a maximal subfield in some division algebra whose center is K. 

Given a group G, we shall say L/K is a G-extension if L/K is a Galois extension 
with Galois group Gal(L/A) = G. 

Definition 2.2. Let A' be a field and let G be a finite group. The group G is 
K -admissible if there exists a A-adequate Galois G-extension L/K. 

Extracting the necessary local conditions for A-admissibility from Theorem 11.11 
we arrive at the following definition. For a group G, G{p) denotes a p-Sylow 
subgroup. 
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Definition 2.3. Let K be a number field. The group G is i^-preadmissible if G 
is realizable over K, and there exists a finite set S = {vi(p) : p\ \G\,i = 1,2} of 
primes of K, and, for each v G S, a subgroup < G, such that 

(1) Vi(p) ^ v 2 (p), 

(2) D G(p) for every p and i = 1,2, and 

(3) G" is realizable over K v for every t; 6 5. 

(Notice that a p-group G is f^-preadmissible if and only if there is a pair of primes 
Vi and t>2 of K, such that G is realizable over K Vl and over K V2 .) 

Clearly, every .fT-admissible group is also .ff-preadmissible. However the opposite 
does not hold. 

For an extension of fields L/K, Br (L/K) denotes the kernel of the restriction 
map res : Br(K) — ► Br(L). For number fields we have the following isomorphism 
of groups, where Uk is the set of primes of K: 



where ( • )o denotes that the sum of invariants is zero. 

2.2. Tame and wild admissibility. We denote by k nn the maximal unramified 
extension of a local field k, and by k tT the maximal tamely ramified extension. 

Definition 2.4. The tamely ramified subgroup Br(L/K) tI of Bt(L/K) is the sub- 
group of algebras which are split by the tamely ramified part of every completion 
of L; namely the subgroup corresponding under the above isomorphism to 



Over a number field K, the exponent of a division algebra is equal to its degree, 
and so L is i^-adequate if and only if there is an element of order [L : K] in Br (L/K) 
( [TT1 Proposition 2.1]). Let us refine this observation: 

Definition 2.5. We say that a finite extension L of K is tamely K-adequate if 
there is an element of order in Br(L/ K) tr . 

Likewise, a finite group G is tamely K- admissible if there is a tamely inadequate 
Galois G-extension L/K. 

Let \i n denote the set of n-th roots of unity in C. For t prime to n, let cr t) „ be 
the automorphism of Q(yU n )/Q defined by <Jt,n{0 = C f° r C £ ^n- 

Definition 2.6. We say that a metacyclic p-group satisfies Liedahl's condition 
(first defined in [1]) with respect to K, if it has a presentation 



such that a t , n fixes K fl Q(/i n )- 

This condition implies i^-tame-preadmissibility of G = M.(m, n, i,t) (namely, 
Definition 12.31 holds with realizability within (K v ) tT in 12.31 ). 




(2.1) 




(2.2) 



M(m, n, %, t) = (x, y \ x m = y\ y n = 1, x 1 yx = y l ) 
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Remark 2.7. (Liedahl, [I]) If G is tamely i^-admissible, then, for every p \ \G\, the 
p-Sylow subgroup G(p) is metacyclic and satisfies Liedahl's condition (this follows 
from the structure of Gal(k tr /k), see below). There are no known counterexamples 
to the opposite implication. 

Remark 2.8. Note that if a metacyclic p-group G satisfies Liedahl's Condition over 
M which is an extension of K then G satisfies Liedahl's Condition over K. 

The following result on realizability of metacyclic p-groups will be used in Sec- 
tion [6j 

Lemma 2.9. Let k be a p-adic field. Then the metacyclic p-group G = A4 (m, n, i, t) 
(see f)2.2p ) is realizable overk. 

Proof. The proof for k ^ Q2 is in [6]. For k = Q2 we cover 2-groups, so m and 
n are 2-powers and t is odd. In this case Gfc(2) has the topological presentation 
(a, b, c I a 2 b 4 [b, c] = 1) ([2]), i.e. Gfc(2) is isomorphic to the free pro-2 group on 
three generator modulo the normal closure of the single relation. So the map 
<p : G k (2) -> G defined by: 

a 1 — > x~ 2 y s , b 1 — ^ x, c ^ y, 

is well defined (and surjective) whenever (x~ 2 y s ) 2 x A [x, y] = 1. 

Note that as t is odd, t 2 + 1 = 2 (mod 4), is odd and we can choose an 
s = 72^- £5-^ (mod n) so that s(t 2 + 1) = ^ (mod n). For such s one can check 

that: 

(x- 2 y') 2 x*[x,y] = iY'^V" 1 = ^(*" 2+1 ) t4+ '- 1 = 1. 
Thus is well defined. □ 

The following result is proved for p-groups in [H Theorem 30] , and in general in 
[3 Theorem 3.24]. 

Theorem 2.10. Let K be a number field and let G be a solvable group with meta- 
cyclic Sylow subgroups. Then G is tamely K-admissible if and only if its Sylow 
subgroups satisfy Liedahl's condition. 

Moreover, if S is a finite set of primes of K and the Sylow subgroups of G 
satisfy LiedehaVs Condition, then there is a K -adequate Galois G- extension N/K 
for which every v € S splits completely in N. 

Remark 2.11. In the proof of Theorem 12. 101 there is a construction of a Q-division 
algebra D that has a maximal subfield L Q so that 

(1) L /Q is a G-extension disjoint to K, i.e. L := L K is also a G-extension, 

(2) D := D (g>Q K remains a division algebra. 

Thus, not only G is i^-admissible but there is also a G-crossed product division 
algebra D and a maximal subfield L so that both are defined compatibly over Q. 

Corollary 2.12. Let K be a number field. Let G be a solvable group such that the 
rational prime divisors of\G\ do not decompose in K (have a unique prime divisor 
in K). Then G is K-admissible if and only if its Sylow subgroups are metacyclic 
and satisfy LiedehaVs condition. 



ADMISSIBILITY UNDER EXTENSION OF NUMBER FIELDS 



5 



So far we have discussed tame admissibility. As mentioned earlier Q-admissibility 
is often tame. However over larger number fields this is no longer the case. Let us 
define wild iT-admissibility: 

Definition 2.13. A G-extension L/K is non-wildly f^-adequate if L/K is in- 
adequate and there is a set S = {v,i{p) : i — 1, 2,p \ |G|} of primes of K such that 
for every prime p \ \G\, 

(1) Ui(p) ^ v 2 (p), 

(2) both V\(p) and V2{p) do not divide p, and 

(3) Gzl(L Vi(p) /K Vi{p) )DG(p). 

A iT-admissible group G will be called non-wildly inadmissible if it has a in- 
adequate G-extension which is non-wildly iT-adequate. 

As a counterpart, we have: 

Definition 2.14. A G-extension L/K is wildly if-adequate if L/K is i^-adequate 
and for every set T = {v i(p) \ i = 1,2, p\ |G|} of primes of K for which 

Ga,l(L Vi(p) /K Vi(p) ) D G{p), 

there is a prime q \ \G\ for which Vi(q), V2(q) \ q. 

A iT-admissible group G will be called wildly i^-admissible if every if-adequate 
G-extension is wildly if-adequate. 

Note that an extension L/K (resp. a group G) is wildly i^-adequate (resp. 
iT-admissible) if L/K (resp. G) is i^-adequate (resp. iT-admissible) but not non- 
wildly i^-adequate (resp. i^-admissible) . 

Remark 2.15. 1. Theorem 12.101 guarantees that a solvable group which is non- 
wildly i^-admissible is tamely i^-admissible. 

2. In particular, every i^-admissible p-group which is not metacyclic, is wildly 
iT-admissible. 

2.3. The GN-property. Notice that if Mj K is an extension of number fields and 
v is a prime of M (viewed also as a prime of K by restriction), then Gal(M v / K v ) 
can naturally be viewed as a subgroup of Gal(M/iT). A group G has the GN- 
property (named after Grunwald-Neukirch) over a number field K if for every 
finite set S of primes of K and corresponding subgroups G v < G for v G S, there 
is a Galois G-extension M/K for which Gal(M v / K v ) = G v for every « £ S. Let 
us give some examples. 

Definition 2.16. A finite group is of class C if it is trivial, or, inductively, a split 
extension of a group in C by a cyclic one. 

All groups in C are solvable, but not necessarily nilpotent. Likewise there are 
nilpotent metacyclic groups that are not in C. 

For any field K, let Gk denote the absolute Galois group of K. The following 
is a corollary (to Theorems 6.4(6) and 2.5 of |8J) that appears in [5]: 

Corollary 2.17. Let K be a number field. Then every group G in C of odd order 
has the GN-property over K . Moreover, for any finite set S of primes of K the 
map 

9 G : Hom(G^, G) sur -> J] Hom(G^, G), 
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is surjective. Here Hom(Gft-, G) sur denotes the set of surjective homomorphisms. 

A large set of examples comes from the following Theorem of Neukirch Corol- 
lary 2]. Let m(K) denote the number of roots of unity in a number field K. 

Theorem 2.18. (Neukirch, [7]) Let K be a number field and G a group for which 
\G\ is prime to m(K). Then G has the GN-property over M. Moreover the map 
Qg from Corollary \2.17\ is again an epimorphism for every finite set S of primes 
ofK. 

2.4. Galois groups of local fields. Let A; be a p-adic field of degree n over Q p . 
Let q be the size of the residue field k, and let p s be the size of the group of p-power 
roots of unity inside k tr . Then 

(1) Gal(k un /k) is (topologically) generated by an automorphism a, and isomor- 
phic to Z; 

(2) Gal(fctrAun) is (topologically) generated by an automorphism r, isomorphic 
to Z( p ') (which is the complement of Z p in Z); 

(3) The group Gal(/c tr //c) is a pro-finite group generated by a (lifting the above 
mentioned automorphism) and r, subject to the single relation o~ x to = r q . 

Moreover, a and r act on fi p s by exponentiation by some g G Z p and /i G Z p , 
respectively (Note that g and h are well defined modulo p s ). 

Let Gkip) denote the Galois group of the maximal p-extension of k inside k, over 
k. Let So be the maximal number such that k contains roots of unity of order p s °. 
Note that if Sq > then n must be even. 



Theorem 2.19 ( [12], Section II. 5. 6]). When p s ° ^ 2, Gkip) have the following 
presentation of pro-p groups: 

(x 1 ,...,x n+2 \x p 1 s °[x 1 ,x 2 \---[x n+1 ,x n+2 ] = l), ifs >0 . 
(x 1 , . . . ,x n+1 ), ifs = ' 



G h (p) = 
When p s ° = 2 and n is odd, 



Gkip) = (xi, ■ ■ ■ , x n+2 | x\x\\x 2 , x 3 ] ■ ■ ■ [x n+ x,x n+2 \ = l). 

(see [2] for the remaining cases, which are given in [121 Section II. 5. 6] as well). 

Theorem 2.20 ([]], see also 0, Theorem 7.5.10]). The group G^ has the following 
presentation (as a profinite group): 

G k = (a, T,x ,...,x n \ r a = r q , Xq = (x , t) 9 x{ [x 1 ,x 2 ] ■ ■ ■ [x n -i, x n }) 
if n is even, and 

G k = (a, r,x ,...,x n \ r a = r q , Xq = (x , t) 9 x{ s [xi, yt) [x 2 , x 3 ) ■ ■ ■ [sc n _i, x n }) 

if n is odd. Here, the group topologically generated by a and r is isomorphic to 
Gal(/c t rA) and the group topologically generated by xq, . . . , x n is a pro-p group. The 
notation (xq,t) stands for (xq P txq P t ■ •■Xqt)p =1 , where n p G Z is an element 
such that 7rZ = Z p . Also, y x is a multiple of x]^ 2(P+1) by an element in the maximal 
pro-p quotient of the pro-finite group generated by xi,a W2 and t 712 . In particular, 
in every pro-odd quotient of Gk, [xi,yi] is trivial. 
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3. Conditions on the field of definition 

Let K be a global field, M/K be a finite extension and G a finite group. One 
way to study the condition 

(1) G is M-admissible 

is by refining it to require that the field extension or the division algebra be defined 
over K (we say that a field or an algebra over M is defined over K if it is obtained 
by extending scalars from K to M). We consider the following variants. 

(2) there is an M-adequate Galois G-extension L/M for which L is defined 
over K, 

(3) there is an M-adequate Galois G-extension L/M so that L = L <8> M and 
Gal{L /K) = G, 

(4) there is a i^-division algebra Do and a Galois G-extension L/M for which 
L is a maximal subfield of Dq (g> M, 

(5) there is a i^-division algebra -Do and a maximal subfield Lq which is a 
Galois G-extension of K so that Lq D M = K and L = LqM is a maximal 
subfield of the division algebra D = D Q ® M, 

(6) there is a inadequate Galois G-extension L /K for which L M is an in- 
adequate Galois G-extension, 

(7) G is both ^-admissible and M-admissible, 

and finally 

(8) there is a i^-adequate G-extension L /K for which L M is an M-adequate 
Galois G-extension. 

We provide a diagrammatic description of each condition, for easy reference. 
Inclusion is denoted by a vertical line, and diagonal lines show the extension of 
scalars from K to M. A vertical line is decorated by G if the field extension is 
G-Galois. Note that in some cases (Q, ©and (jSJ)) the fact that the extension 
over K is Galois implies the same condition on the extension over M. 



D D D D 

L 

I G 

M 
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L D 
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L 
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L 


G | y 




G | y 




G | 


K 




K 




K 



M 



L M 
K 



Theorem 3.1. Let M/K be a finite extension of fields and G a finite group. Then 
the implications in Diaaram \3. 1\ hold, but no others. 

(3.1) © 




© 




Some implications hold only for wild inadmissibility; this will be discussed in 
Sections HH6l In Section [7] we give counterexamples for the false implications, with 
G being a p-group in each case. 

We shall say that a triple (K, M, G) satisfies Condition (m) if there are L , L, D 
and D as required in this condition. In such case we shall also say (L , L, D , D) 
realizes Condition (m), omitting L or D if they are not needed. 

Remark 3.2. Let M/K be a finite extension of global fields and G a finite group. 
Consider the condition 

(9) there is a G-crossed product i^-division algebra Do, for which D = Dq <g> M 
is also a G-crossed product division algebra. 
In the spirit of previous diagrams, this condition can be described by 

D 



D 


L 






G 




M 








K 







However, (jHJ) is equivalent to Condition 

Indeed, let (Lq, L, Do, D) realize (Q. Then D is of index |G| and D is also split 
by V = MLq. Therefore [L':M] = \G\, L D M = K and hence we can take V to 
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be the required maximal G-subfield of D. Thus, (Lq,L',Dq,D) realizes (151). The 
converse implication is obvious, taking L = L <S>kM C Dq®kM = D. 

Let us go over the immediate implications in diagram 13.11 

Positive part of Theorem \3.1[ Fix K,M and G. Clearly if (L Q , L, D , D) realizes 
Condition ([3]), (L , L, D , D) also realizes © and (L,D ,D) realizes (TjJ, so that 

If (L Q , L, D , D) realizes then L /K is a G-extension and hence L = L M/M 
is also a G-extension (since L fl M = K). Thus, (L , L, D , D) realizes ([8]). It 
is clear that Lq is a field of definition of L (and Gal(Lo/ K) = G) and hence 
(L , L, D) realizes ([3]). As L is a inadequate G-extension and L is an M-adequate 
G-extension, (L Q ,L,D ,D) realizes $Zj). Therefore © =>• ©, ©, ©. 

If (L , L, D) realizes Condition © then Gal(L Q /i^) = G, Gal(L/M) = G (since 
L n M = K) and hence (L ,L,D ,D) realizes Condition (J2J). If (L ,L,D ,D) 
realizes condition (jSj), clearly L is a field of definition of L and hence (L ,L,D) 
realizes Condition (J2J). 

Clearly when (K,M,G) satisfies either of the conditions (j2D, ©, ©, G is in- 
admissible and hence ©, ®, © =^ ©■ D 

Proposition 3.3. Lei G be a cyclic group. Then Conditions are satisfied 

for any extension of global fields M/K. 

Proof. It is sufficient to show that (J3]) is satisfied. By Chebutarev density Theorem 
(applied to the Galois closure of M/K) there are infinitely many primes v of K 
that split completely in M. Let V\,v% be two such primes that are not divisors 
of 2. By the weak version (prescribing degrees and not local extensions) of the 
Grunwald-Wang Theorem (see |15j) there is a Galois G-extension L /K for which 
G&l((L ) Vi /K Vi ) = G and thus L is ^-adequate, so there is a division algebra D 
containing L as a maximal subfield, and supported by {%: i — 1,2}. As V{ split 
completely in M we have L = L M satisfies Gal(L v ./M v .) = G for i — 1,2 and 
hence Gal(L/M) = G. Finally D = Dq®M is a division algebra by the choice of 
the Vi. Thus L is M-adequate and (K,M,G) satisfies ©. □ 

The conditions above can also be considered with respect to tame .fT-admissibility. 
Let G be a solvable group and K, M number fields. By Remark 12.1 11 if G is tamely 
M-admissible then there is a tamely il~-adequate Galois G-extension Lq/K for 
which L = LqM is M-adequate (and hence tamely M-adequate). For m — 1, ... ,8, 
let (m*) denote the condition (m), where every adequate extension is assumed to 
be tamely adequate, and an admissible group is assumed tamely admissible. More 
precisely for m =T_3E1 we consider 

OH*) there is a fC-division algebra Dq and a Galois G-extension L/M for which 
[D] = [D <g> M] G Br(L/M) tr and L is a maximal subfield of D, 

and 

(JHF ) there is a if-division algebra D and a maximal subfield L which is a Galois 
G-extension of K so that L f] M = K, D Q e Br(L /K) tr and L = L M is 
a maximal subfield of D = D <g> M (and hence [X>] e Br(L/M) tr ), 

Corollary 3.4. Lei G be a solvable group and let M/K be a finite extension of 
number fields. Then the conditions (l*)-(8*) are all equivalent. 
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Proof. With the added conditions the implications given in (13 .ip clearly continue 
to hold. But by Remark 12. Ill the implication (jTJ° ) (JST ) also holds. 

(What is shown there is that for every solvable group that satisfies Liedahl's 
condition for every p, there is a G-extension Lq/Q and a division algebra Dq G 
Br(L /Q) ir over Q, such that D Q ®K contains L ®<qP as a maximal subfield). □ 

4. NlLPOTENT GROUPS 

A nilpotent group is a direct product of its Sylow subgroups. At first we shall 
note that this decomposition is compatible with admissibility and with any of the 
conditions ([I])-®. Throughout this section, G will denote a nilpotent group (or, 
oftentimes, a p-group). 

Remark 4.1. Let |G| = Pi 1 ■ ■ -p r k k and G = P\ x • • • x P k where \P±\ = p\ l for 
% = 1, . . . , k. Then for any m = 1, . . . , 8, (K, M, G) satisfies Condition (m) if and 
only if (K, M, Pj) satisfies Condition (m) for all % — 1, . . . , k. 
This follows from the following simple observations: 

1) For any G-extension T/F, T decomposes as 7\ • • -T k so that Gal(Tj/P) = 
Pi. Vise versa, given a Pj-extension Tj/P for each i = l,...,k, so that Tj fl 
(T x ■ - ■ ■ ■ ■ T k ) = P, one has Gal(Tx ■ • • T k /F) = G. 

2) Any division algebra D decomposes (uniquely) as Pi®- ■ ■®F>k with ind(Pj) = 
p^ . The field T splits D if and only if Tj splits Pj for all i — 1, . . . , k. 

Thus, one has that: 

Proposition 4.2. For every m = 1, . . . , 8, a nilpotent group G satisfies Condition 
(m) with respect to an extension Mj K , if and only if each of its Sylow subgroups 
satisfies this condition. 

Proof. Let G = P\ ■ ■ ■ P k be a decomposition into p-groups. By Remark 14.11 we 
have: 

(a) G is P-admissible if and only if each Pj is P-admissible, 

(b) T/F is defined over E C P, if and only if each Tj/P is defined over P, and 

(c) T is obtained by scalar extension from P to P of a Galois extension T /E 
if and only if each Tj/P is obtained in a similar manner, and 

(d) P G Im(res^) if and only if each Pj G Im(res^). 

This proves the claim, since conditions (JTJ)— (JSJ) only use the terms treated in (a)- 
(d). * □ 

We note that admissibility of p-groups behave nicely under extensions. In par- 
ticular, we shall prove: 

Proposition 4.3. Let p be an odd rational prime. Let M/K be an extension of 
number fields and G a wildly K -admissible p-group that has the GN-property over 
M . Then G is also wildly M-admissible. 

(Following Proposition one may assume G is any odd order nilpotent group). 
The proof is based on the following observation: 

Lemma 4.4. Let p be an odd prime, G a p-group and l/k a finite extension of 
p-adic fields. If G is realizable over k then it is also realizable over I. 
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Proof. Let n denote the rank [k : Q p ] and let £ = [I : k] . If t = 1 there is nothing to 
prove. For £ = 2, {[I : k],p) — 1 and hence from a G-extension m/k we can form a 
G-extension mZ//. Now let t > 2. Let Gk{p) be the Galois group of the maximal 
p-extension of k. It is enough to show that Gk{p) is a quotient of Gi{p). 

By Theorem 12.191 Gj~{p) and G/Qo) have the following presentation of pro-p 
groups: 

(%,..., x n+2 | xf ° [x 1 ,x 2 ] ■ ■ ■ [x n+1 , x n+2 ] = 1), if s > 
(xi, . . . ,x n+1 ), if s = ' 



G k (p) 
and 



Qjp\ ^ J (an, . . . ,x n f +2 | x\ °[xi, x 2 ) ■ ■ ■ [x nt+ i, x nt+2 ] = 1), if s' > 

[ (Xi, . . .,Xnt+l), if S = 

where p s ° and p s '° are the numbers of p-power roots of unity in k and respectively. 
Clearly so < s' . If s' = then we are done since (xi, . . . ,x n+ i) is a quotient of 
(xi, . . . , X n t+l). 

Suppose s' > 0. Let F p (yi, . . . , y^) denote the free pro-p group of rank k with 

generators yi, . . . , y^. Consider the epimorphism (ft : Gi(p) — > F p (yi, . . . , y m+2 ) that 

,t± 
2 



sends 0(x 2 j_i) = 1 and 4>(x 2i ) = y iy i = 1, . . . , Now as t > 2 we have: 



2 2 
and hence there is a projection 7r: 



n£ + 2 t „ 

n- + 1 > n + 2 



7r:F p (yi,...,2/»t+a) -> G fc (p). 



Thus 7r o (j)-.Gi(p) — > Gk(p) is an epimorphism. We deduce that every epimorphic 
image of G^ (p) is also an epimorphic image of G/ (p) . □ 

We can now prove the proposition. 

Proof of Proposition \4 ■ 3\ Since the p-group G is wildly i^-admissible, G is realiz- 
able over K Vi for two primes V\,v 2 of K which divide p. Let w i,w 2 be divisors of 
v±,v 2 in M, respectively. Then by Lemma [4.41 G is realizable over M Wl ,M W2 and 
hence M-preadmissible. As G has the GN-property, G is also M-admissible. 

By Remark 12.151 (2). the wild if-admissibility of G implies that G is not real- 
izable over K v for any prime v which is not a divisor of p. By Remark 12.81 G 
is also not realizable over M w for any prime w of M which is not a divisor of p. 
Therefore an M-adequate G-extension must also be wildly M-adequate and hence 
G is wildly M-admissible. □ 

Remark 4.5. As Theorem 12.101 shows, in case of tame admissibility it is not nec- 
essary that a tamely ^-admissible group will also be tamely M-admissible. In 
fact the converse implication holds. Comparison of Liedahl's condition over K 
and over M shows that a p-group which is tamely M-admissible is also tamely 
i^-admissible. 

Remark 4.6. Let K be a global field with characteristic p. By |14j . every p-group 
is fT-admissible. Thus, Proposition 14.31 also holds for fields of characteristic p in 
the following sense: any p-group G that is i^-admissible is also M-admissible. 
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If we apply Theorem 12. 181 to get a GN-property over M, we have: 

Corollary 4.7. Let p be an odd prime. Let M/K be an extension of number fields 
so that M does not contain the p-roots of unity. Let G be a p-group that is wildly 
K-admissible. Then G is wildly M-admissible. 

4.1. The case p = 2. We show that Lemma [4.41 fails for p = 2. Let k = Q 2 , and 
let / = Q 2 (\/— T). The Galois groups of the maximal pro-2 extensions of k and I 
are 

C^(2) = (a, b, c I a 2 b%c] = l) 

and 

Gi(2) = (x ,xi,x 2 ,x 3 I Xo[xo,xi][x 2 ,x 3 ] = l) 
(see Theorem 12.191) . 

We give an example of a group (of order 2 10 ) which is a quotient of Gfc(2) but 
not of Gi(2). Thus, as a Galois group, it can be realized over k but not over I. 
Let 

G = (a, b, c I 7 = [b, a], (3 = [c, a], a — [c, b], 

a 2 = (3 2 = 7 2 = 1, a, (3, 7 are central, a 2 = a, b 8 = c 8 = l) . 

Replacing a by ab~ 2 , we get the presentation Gk(2) = (a, b, c \ ab~ 2 ab 2 [b, c] = 1). 
That G is an image of Gk{2) is seen by noting that b 2 is central in G, so the 
only relation in Gk{2) translates to a 2 = a. The center of G is (a, j3, 7, b 2 , c 2 ), so 
this group is a central extension of G/Z(G) = (Z/2Z) 3 by (Z/2Z) 3 x (Z/4Z) 2 . In 
particular every element of G has the form a l Vc k z for some central element z, and 
z A = 1 for every central z. 

Proposition 4.8. There is no epimorphism from Gi(2) to G. 

Proof. Let <p\Gi{2) —>■ G be an epimorphism. For t = 0,1,2,3, write <p(xt) = 
a H lP t c kt Zt where z t G Z(G) and it,jt, fa are integers. Projecting further to G/Z(G), 
we see that the vectors (it,jt, k t ) G (Z/2Z) 3 , t — 0, 1, 2, 3, must be a spanning set. 
Compute that x 2 v-> a 2i °b 2jo c 2ko a jok ° pMoyoio z 2 , and iterate to get 

xl ^ a 4i0 6 4j0 c 4fc0 a 6i0fc0 /? 6i0 ' C0 7 6i0j0 4 = & 4jo c 4fc °. 

We also have that [x ,Xi] i-> [o^^c* , o* 1 ^ 1 ^ 1 ] = a kojl - jokl (3 koh - iokl 7 joil - iojl and 
similarly for [2:2, X3], so the single relation of G;(2) maps to the central element 

a koji~joki+k 2 j 3 -j2k:i pk i 1 -i k 1 +k 2 i:i-i2k s ^joii-ioji+j2i:i-i2j3^'ijo ^ko 

Working modulo 2 from now on, all exponents must be zero, and so we have that 

k ji ~ Joh + k 2 j 3 - j 2 k 3 = 

k Q ii - i h + k 2 i 3 - i 2 k 3 = 

joh ~ ioh + 32k - iih = 
and jo = k = 0. Substituting, we get 

k 2 j 3 = ]2k 3 

ioh = k 2 i 3 + i 2 k 3 

ioh = hh + hj3- 
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Now there are two options. If io = then 



> i 

* 2 
1 3 



3 1 
32 
J*3 



h 

k 2 

h 



h k 2 
h h 



+ 3i 



k- 2 



*2 32 

^3 h 



and the vectors span at most a 2-dimensional subspace. If io 



I then I ^ 



> 2 



^ ) is a linear combination of two vectors which are dependent by 



the first equation. It follows that the projection of the (i t , j t , k t ) on the second and 
third entries spans a one-dimensional subspace, so the four vectors cannot span 
(Z/2Z) 3 . " ' □ 

Let us extend this example into an example of an extension of number fields 
M/K for which G is wildly f^-admissible but not M-admissible and not even 
M-preadmissible. 

Let p and q be two rational primes for which: 

1) p = 5 (mod 8) 

2) q = 1 (mod 8) 

3) q is not a square mod p. 



Proposition 4.9. Let K = Q(y/q) and M = K(i) 
but not M-preadmissible. 



Then G is wildly K -admissible 



Proof. Since G is a 2-group that is not metacyclic it is realizable only over com- 
pletions at primes divisors of 2. In particular if G is i^-admissible then G is wildly 
.fT-admissible. As 2 splits in K, any prime divisor v of 2 in M has a completion 
M v = Q2(i). By Proposition 14.81 G is not realizable over 0,2(1) and hence not 
M-preadmissible. It therefore remains to show G is ^-admissible. 

The rational prime p is inert in K. Let p be the unique prime of K that divides 
p. We have N(p) := \K P \ = p 2 = 1 (mod 8). Thus, has a totally ramified 
Cg-extension. Let qi, q 2 be the two prime divisors of 2 in K. 

Consider the field extension L Q = K(fj,$, y/p)/K. It has a Galois group 

Ga\(L /K) = (Z/2Z) 3 = G/Z(G). 

This extension is ramified only at qi, q2 and p. As K qi = Q 2 and Gal((L Q )^J K^) = 
(Z/2Z) 3 , (Lo) qi /K qi is the maximal abelian extension of K qi of exponent 2, for i = 
1,2. Since iV(p) = 1 (mod 8), K p contains fi$ and hence Ga\((L ) p / Kp) = Z/2Z. 

Let us show that the following central embedding problem: 
(4.1) 

Gk 



Z(G) = (Z/2Z) 3 x (Z/4Z) 



G G/Z(G) S (Z/2Z) 



0. 



has a solution. Let 7r denote the epimorphism G — > G/Z(G). By theorems 2.2 
and 4.7 in |8J, there is a global solution to Problem 14. II if and only if there is a local 
solution at every prime of K. There is always a solution at primes of K which are 
unramified in L so it suffices to find solutions at p, q 1; q 2 . Any G-extension of K q . 
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contains (Lo)q, (as it the unique (Z/2Z) 3 extensions of Qs), i = 1,2. Since G is 
realizable over Q2 we deduce the induced local embedding problem: 

(4.2) 




7T- 1 (Gal((L ) qi /^ i ) = G Gal((L ) qi /K qi ) = G/Z(G) - (Z/2Z) 3 — 0, 

has a solution for i = 1,2. Since (L ) p is the ramified Z/2Z-extension of K p , 
it can be embedded into the totally ramified Z/8Z-extension and hence the local 
embedding problem at p has a solution. 

Therefore, Problem 14.11 has a solution. Problem 14.11 is a central embedding 
problem with kernel of exponent 4 and it therefore follows from [HI Theorem 6.4,f] 
that there is a solution to Problem 14.11 with prescribed local conditions at S = 
{q!,q 2 }. Thus, L /K can be embedded in a Galois G-extension L/K for which 
Gal(L q ./K q .) = G, for i — 1,2. The field L is clearly inadequate and hence G is 
i^-admissible. □ 

Remark 4.10. Note that there is no G-extension of Q with Galois group G at 
Q 2 . This follows from the observation that G has Z/2Z x (Z/8Z) 2 as a quotient. 
Since A = Z/2Z x (Z/8Z) 2 is the Galois group of the maximal abelian exponent-2 
extension of Q2 over Q 2 , the existence of an A-extensions of Q with Galois group 
A at Q 2 implies there exist a Z/8Z-extension of Q in which 2 is inert. But Wang's 
counterexample shows there is no such extension (see [16J). 



5. REALIZABILITY UNDER EXTENSION OF LOCAL FIELDS 

Realizability of a group G as a Galois group over a field k is clearly a necessary 
condition for ^-admissibility. When A; is a local field, the conditions are equivalent 
since a division algebra of index n is split by every extension of degree n. 

In this section we study realizability of groups under field extensions, assuming 
the fields are local. 

5.1. Totally ramified extensions. We first note what happens under prime to 
p local extensions: 

Lemma 5.1. Let G\ be a subgroup of G that contains a p-Sylow subgroup of G 
and is realizable over the p-adic field k. Let l/k be a finite extension for which 
([l:k],p) = 1. Then there is a subgroup G 2 < Gi that contains a p-Sylow subgroup 
of G and is realizable over I. 

Proof. Indeed if m/k is a Gi-extension then ml jl is a Galois extension with Galois 
group G 2 which is a subgroup of G\ and for which [m : I H m] = \G%\. Since 
([Iflm: k),p) = 1, any p s \ [m:k] = \G\\ also divides p s \ [m:l H m] = |G 2 |. Thus 
G 2 must also contain a p-Sylow subgroup of G. □ 

The case where p divides the degree [l:k] is more difficult. Let us consider next 
totally ramified extensions: 
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Lemma 5.2. Let p ^ 2. Let G be a group, k a p-adic field with n = [k : Q p ] 
and l/k a totally ramified finite extension. Assume furthermore that l/k is not the 
extension Qa(C9 + Cg)/Q3- If G i> s realizable over k then G is also realizable over I. 

Remark 5.3. This shows that if G has a subgroup G\ that contains a p-Sylow of 
G and is realizable over k then G also has a subgroup G 2 that contains a p-Sylow 
of G and is realizable over I (moreover, G\ is realizable over I). 

Proof. Let l/k be a totally ramified extension of degree r = [l:k]. We shall con- 
struct an epimorphism Gi — > For this we shall consider the presentations 
given in Theorem 12.201 Denote the parameters of k by n,q,s,g and h. Then the 
degree of / over Q p is nr and its residue degree remains q. Denote the rest of the 
parameters over I by s', g' and h' (the parameters that correspond to s, g and h 
in Theorem 12.201) . Then by Theorem 12.201 Gi has the following presentation (as a 
profinite group): 

Gi = (a, t,x ,..., x nr | r a = r q , x a Q = (x , t) 9 'x{ [xi,x 2 ] ■ ■ ■ x nr ]), 
if nr is even and 

Gi = (o~, r, xq, . . . , x nr I r CT = r 9 , Xq = (xq, t) 9 x l [x%, yi] [x%, x^} ■ ■ ■ [x rar _i, x nr }), 

if nr is odd, where y\ is defined there (in manner which depends on the base field). 
Let Pk (resp. Pj) be the subgroup of Gk (resp. Gi) topologically generated by 
xo, . . . , x n (resp. Xq, ■ ■ ■ , x nr ) and let (resp. Di) be the subgroup topologically 
generated by a and r. Note that as k and I have the same residue degree (same 
q),D k = Di. 

Let us construct the epimorphism from G\ to Gk in several steps. First send xq 
and every Xk with odd in the presentation of Gi to 1, we get an epimorphism 

nr — 1 nr — 1 

Gi - A * F p ( 1 )= D k * F p (\^~] ) , 

where [7] denotes the smallest integer > 7. Let us continue under the assumption 
1 > n + 1. Then there is an epimorphism F p (\ 1]£ ^-~]) -» F p (n + 1). We 
therefore obtain epimorphisms: 

Gi^ D k * F p (n + 1) -» D fc * P k -» Gfc- 

The numerical condition f 2 ^^-] > n + 1 fails if and only if: 

(1) r = 1, or 

(2) r = 2, or 

(3) r = 3 and n — 1. 

The case r = 1 is trivial. Since p is an odd prime, the cases r = 2 and r = 3 
are done by Lemma 15.14 unless p = 3 and [Z:/c] = r = 3, in which case n — 1, 
so = Q3. If Z 7^ Qs(C9 + C9) then Z H /c tr = fc and the parameters g, h, s in the 
presentation of Gk remain the same in the presentation of Gi. In such case there 
is an epimorphism from Gi onto Gk whose kernel is generated by (x 2 , X3). □ 

So the case k = Q3 and Z = Qs(C9 + Cg) remains open. This will be one of several 
sensitive cases. 
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5.2. The sensitive cases. 

Definition 5.4. We call the extension l/k sensitive if it is one of the following: 

(1) k = Q3 and I is the totally ramified 3-extension Qs(C9 + Cg)> 

(2) k = Q5 and I = Qs(pn) is the unramified 5-extension, 

(3) [A;:Q 3 ] = 1,2,3 and l/k is the unramified 3-extension, 

(4) k = Q3 and I = Qs(/?7) is the unramified 6-extension. 

Remark 5.5. There are 29 sensitive field extensions. Indeed, there is a single 
extension in each of cases (1), (2) and (4). In case (3) the extension is unramified, 
so it suffices to count the ground field k, which we do by dimensions over Q 3 . In 

— 1=3 quadratic 



dimension 1 there is of course one case, and there are 
extensions. 

Since the abelianization of Gq 3 (3) is Z|, there are 3 -=^ = 4 Galois cubic exten- 
sions of Q3. For every non-Galois cubic extension k there is a unique S^-Galois 
extension of Q3 (generated over k by the square root of the discriminant). 

The S'3-Galois extensions of Q3 are in one-to-one correspondence to the normal 
subgroups of Gq 3 with quotient S3. The number of such subgroups is the number 
of epimorphisms from Gq 3 to S3, divided by |Aut(Ss)| = 6. When counting such 
epimorphisms tp : Gq 3 — > S3, we may assume the generators are in S3, which sim- 
plifies the presentation a great deal. Since p s = q = 3 and we may assume g = 1 
and h = —1, the presentation is 

Gq 3 = (a,T,x ,xi I r a = t 3 , Xq = (x TXQ 1 T)^xl[x 1 ,y 1 ]). 

However, since x\ is a pro-3 element, we may assume x\ — 1. Since all elements 
of order 3 in 5*3 commute with each other, we may assume [#1,2/1] = 1 (see the 
theorem for more details on yi). Since r is a pro-3' element, (p(r) has order at most 
2, so ^{xqtxq 1 r) is a commutator, whose order must divide 3. Exponentiation by 

1 squares such elements. So we count epimorphisms from 

(a,r,x ,Xi \t 2 = xl = x\ = l,T a = r 3 , Xq = {x tx q 1 t) 2 ) 

to 53. If r = 1 there are 6 epimorphisms. So assume r / 1, The relations give 
[a, t] = 1, so a is either 1 or r. Moreover, it turns out that (xqTx^t) 2 = x for 
every xq of order dividing 3. For each possible value of r we get 8 epimorphisms 
with <t = 1 and 2 more with a — r. There are 3 involutions, providing us with 6 + 
3 • 10 = 36 epimorphisms all together. Dividing by the number of automorphisms, 
we have 6 Galois extensions of Q3 with Galois group S3. 

Each Galois extension of this type contains 3 non-Galois cubic extensions of Q3, 
since this is the number of involutions in S3. So we have 3 • 6 = 18 non-Galois cubic 
extensions. Summing up, we have 1 + 1 + (1 + 3 + (4 + 18)) + 1 = 29 altogether. 

Let us formulate the problem in case for odd order groups: 

Remark 5.6. Given a field F denote by G' F the Galois group that corresponds to 
the maximal pro-odd Galois extension of F. In the p-adic case, for odd p, this is 
obtained from the presentation of Gf. (see Theorem 12.201) simply by dividing by 
the 2-part of a and r. In such case we get a presentation of G' F by identifying 

02 = T2 = 1. We get that yi is a power of x\ and hence [xi, yi] = 1. 
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Question 5.7. Let l/kbe the sensitive extension ([I]). Then q = 3; also p s = 3 so we 
can choose h = — 1. For I we have p s = 9, but r(£g + £g ) = C9 + C<T j so h' = ~ 1 
as well. Theorem 12.201 gives us the presentations: 

G' k = (a, r, x ,x 1 \ T a = t 3 ,Xq = (x , t)xI) , 

while: 

G\ = (a,T,x ,xi,x 2 ,x 3 I r a = t 3 ,Xq = (xo,t)xI[x 2 ,x 3 ]), 

where a, r are of order prime to 2 and (xo, r) = ( XqTXq T ) 2 , which has order 
a power of 3 in every finite quotient. Does the following hold: Let G be an 
epimorphic image of G' k , is there necessarily a subgroup G{p) < G' < G so that 
G' is an epimorphic image of G[l 

Note that for a p-group G the claim was proved in Lemma 14.41 

Remark 5.8. Quotients of G' k with r = 1 can in fact be covered: the group 
(a, x ,xi I Xq = xf) = (cr,Xx) is covered by a 1— > a, r 1— > 1, xo 1— > 1, X\ 1— > 1, 
,x 2 1 — ► Xi and S3 1— > 1. This corresponds to fields whose ramification index over k is 
a 3-power. In particular if l/k is a p-extensions we have an epimorphism G/ -» C7fc. 

5.3. Extensions of local fields. We can now approach the general case: 

Proposition 5.9. Let p be an odd prime. Let l/k be a non-sensitive extension of 
p-adic fields with degree r. Let G be a group that is realizable over k. Then there 
is a subgroup G\ < G that contains a p-Sylow subgroup of G and is realizable over 
I. 

Proof. Let n, q be as defined above for k. Let / = [I: A;] = f p f p > where f p is a 
p-power and f p > is prime to p. There is an unramified C/-extension m'/k which 
lies in /, and then l/m! is totally ramified. Denote by m the subfield of m' which 
is fixed by Ct . Let r' — 4- — [I : m]. By Lemma I5TT1 there is a subgroup Go < G 

that contains a p-Sylow subgroup of G and an epimorphism <p : G m — > Gq. The list 
of sensitive cases satisfies that if l/k is non-sensitive and m/k is unramified and 
prime to p, then l/m is also non-sensitive and therefore we can assume without 
loss of generality that m = k, G = Go, i.e f p r = 1, / = f p , and r' = r. 

We shall construct an epimorphism from Gi to G. Let s', g', h' be the invariants 
s,g,h in Theorem 12.201 that correspond to /, and let n = [k:Q p ]. Theorem 12.201 
gives the following presentation of Gf. 

Gi = (o~, r, Xo, ■ ■ ■ , x nr \ r a = r g ,Xq = (x , r) 9 x\ [xi, x 2 ] ■ ■ ■ [x nr _i, x nr ]), 
if nr is even and 

Gt = (<t,t,x , ...,x nr \ r a = r q ,Xq = (x ,r) 9 x\ [x u yi}[x 2j xz} ■ ■ ■ [x nr _i, x nr ]), 
if nr is odd. 

Let Pk (resp. Pi) be the subgroup topologically generated by Xq, . . . , x n (resp. 
xo, . . . ,x nr ) in Gk (resp. Gi) and let Dk < Gk (resp. D\ < Gi) be the subgroup 
topologically generated by a,r in Gk (resp. in Gi). 

Once again, we can form an epimorphism Gi -» D\ * F P ([ !H ^-]). Though, as 
oppose to Lemma l5\2l Di ^ Dk. However, Di can be viewed as a subgroup of Dk 
of index /(= f p ). 
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We claim there is an epimorphism 

A * F p (l) = (a,r,x\ t° = r gf ) - D k = (a k ,r k \ = r 9 ), 

where x is the generator that corresponds to the free pro-p group on one generator 
F p (l) = Z p . Decompose (a) into its p-primary part generated by a p and its 
complement generated by a' p so that a = o p a' p . Then 

(a, t,x\t° = r«') = (a p , a' p , r, x\r^ = r^<\ [a p , a' p ] = 1), 

so that in the latter presentation a p generates a p-group and a' p generates a pro- 
cyclic group of prime to p order. Let us divide by the relations x* = a p and 

r x = r qe7p , where a p is well defined since / is a p-power. We then obtain an 
epimorphism: 

A * F p (l) -> (x, a' p , t\t x = r^~ 1/f , [x, a' p ] = 1). 

The latter group is isomorphic to D k by mapping o k — > xa' p , r k — > t (decomposing 
(Tfc into a p-primary part and a complement). Let us now use this claim to construct 
an epimorphism Gi — > G k - Similarly to Lemma 15.21 we have an epimorphism 
D t *F p (\^]). 
Assuming f^ 2 ^-] > n + 2 we have an epimorphism: 

(5.1) G^ D l * F p (\^^]) - (A * Fp (l)) * F p (\^=^\ - 1) - 

-» (A * * F p (n + 1) A * Pk G fc . 

The numerical condition [ !H rp!-] > n + 2 fails if and only if 

(1) r = 4, 5 and n = 1; 

(2) r = 3 and n = 1,2,3; 

(3) r = l,2. 

The cases r = 1, 2, 4 are covered by Lemmas 15. II We are left with cases r = 3, 5. 
For r = 5, n = 1 so k = Q5 and by Lemma [5.21 we may assume l/k is not totally 
ramified, so l/k is the unramified 5-extension which is sensitive. 

Let r = 3. Lemma loTTl covers the case p 7^ 3, so we may assume p = 3. Note that 
/ I r. If / = 1, Lemma l5\2l applies, except for I = Qs(Cg + C9) an d k = Q3, which is 
sensitive. If / = 3, then l/k is the unramified 3-extension and n = [k : Q3] = 1, 2, 3 
which are all sensitive. □ 

6. Admissibility under field extension 

Let M/K be a finite extension of number fields. In this section we shall ex- 
amine cases in which i^-admissibility induces M-admissibility. We have seen (Re- 
mark 14.51) that tame i^-admissibility does not imply M-admissibility even in the 
case of a p-group. We conjecture those are all the cases. Some examples are given 
in Section [3 

Our first question along these lines is whether or not failure to remain admissible 
can always be explained by a rational prime that remains prime in the extension. 
Namely: 
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Question 6.1. Let G be a inadmissible group which is not M-admissible. Is there 
necessarily a rational prime p with a unique prime divisor in M, such that G(p) 
satisfies Liedahl's condition over K but does not satisfy it over M? 

In other words, let G be a i^-admissible group and assume that for every prime 
p | \G\ one of the following conditions hold: 

(1) p decomposes in M, 

(2) G(p) satisfies Liedahl's condition over M. 
Does this imply that G is M-admissible? 

The constructions of Section [5] will eventually lead to a positive answer to Ques- 
tion [671] for odd order groups G with the GN-property except for some 'sensitive' 
extensions M/K. 

6.1. Extensions of global fields. We say that a finite extension M/K of number 
fields is sensitive if one of its completions M v /K v (at a prime divisor of 3 or 5) is 
sensitive. 

We conclude with the following positive answer to question I6.lt 

Theorem 6.2. Let M/K be a non-sensitive extension andG a K-admissible group 
of odd order, that has the GN-property over M . Then G is M-admissible if and only 
if for every p \ \G\, either p has more than one divisor in M or G(p) is metacyclic 
that satisfies Liedahl's condition over M. 

Proof. If G is M-admissible we have already seen that for every p\ \G\, either 
there is more than one extension or G(p) is a tamely M-admissible group (see 
Remark 12. 7p . Let us show that under the latter condition, G is M-admissible. We 
claim that for every prime p \ \G\ one can choose two distinct primes Wi(p), w^ijp) 
of M and choose corresponding groups H 1 (p),H 2 (p) so that Hi(p) contains a p- 
Sylow subgroup of G and is realizable over M Wi ^, i — 1, 2. Furthermore, one can 
choose all the primes Wi(p), i = l,2,p\ \G\ to be distinct. This will show that G is 
M-preadmissible. The GN-property will then imply that G is M-admissible. 
As G is K-admissible, for every p | \G\ there are two options: 

(1) there are two prime divisors Vx,v 2 of p in K and two subgroups G(p) < 
Gi < G so that G{ is realizable over K v ., i = 1, 2. 

(2) G(p) is realizable over K v for v which is not a divisor of p. 

In case (CQ), by Proposition I5.9[ for any prime divisor w of v\ or v 2 there is a 
subgroup G(p) < H w < G that is realizable over M w . Choose two such primes 
wi(p),W2(p) and set Hi{p) := H Wi ^ (the subgroups Proposition 15.91 constructs). 

In case (T5]), G(p) is metacyclic, which is the case treated in Lemma [2791 If p has 
more than one prime divisor in M then there are two primes u>i(p), u^G ) so that 
Wi{p) is a divisor of p and Hi{p) := G{p) is realizable over M w .( p ), i = 1,2. 

If p has a unique prime divisor in M then G(p) is assumed to satisfy Liedahl's 
condition. Liedahl's condition implies that there are infinitely many primes w(p) 
for which G(p) is realizable over M w ^ (see Theorem 28 and Theorem 30 in [1]). 
Thus, we can choose two primes wi(p), W2(p) for every prime p \ \G\ that has only 
one prime divisor in M, so that the primes Wi(p),i = 1,2, are not divisors of any 
prime q\\G\ and are all distinct. For such p, we also choose Hi(p) := G{p). 

For every prime p\ \G\ we have chosen two primes wi(p),W2{p) so that all primes 
are distinct. This proves the claim and hence the Theorem. □ 
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Another application of the "local" discussion in Section 15731 is the following im- 
plication for wild amissibility. We shall show that for non-sensitive extensions with 
a group that has the GN-property, Condition (J2j) realized wildly implies Condition 

ID- 

Proposition 6.3. Let M/K be a non-sensitive extension and G an odd order 
group that has a GN-property over M 

Assume there is a wildly K-adequate G-extension. Then there is an M-adequate 
G- extension L/M and a division algebra D with L as a maximal subfield so that 
D is defined over K , i.e. D G Im(res^). 

Proof. Fixp||G|. Suppose ^(p) are primes of K that divide p, so that there 

are two subgroups G{p) < Gi,<j2 < G for which Gj is realizable over K v .. Let 
t p = \G(p)\ and let s p = mm([M w :K v ](p) : v G {^i(p), ^(p)}, w \ v). One can form 
the i^-division algebra D p that has the following invariants: 

mv vl(p) (D p ) = —-, mv V2(p) (D p ) = -— - 

OpLp Splp 

and inv v (D p ) = otherwise. Now D Pi m '■= D p <S)k M has exponent t p and it is 
supported on prime divisors of vi(p),V2(p) in M. But by Proposition 15.91 every 
prime divisor w of either of fi(p),f2(p) has a corresponding subgroup G w D G{p) 
of G that is realizable over M w . 

Now, as G has the GN-property over M, there is a G-extension L/M so that 
for every p\\G\ and every w that divides Vi(p), i = 1,2, G&\(L W /M W ) = G w . Then 
L splits Dp M for every p and hence also D = ® p \\g\D p ,m for every p. But D p ^ M 
has exponent (and hence index) that is divisible by t p , for every p | |G| and hence 
D has exponent divisible by lcm p | \a\t p = \G\. Hence, 'md(D) = exp(D) = \G\ and 
L is a G-maximal subfield of D. It is left to notice that D is also the restriction of 
D = ®p\\ G \Dp. We conclude (K, M, G) satisfies (@|. □ 

Remark 6.4. This shows that for non-sensitive G-extensions with an odd order 
group G that has a GN-property over M, Case (j7|) realized with a wild extension 
(even without requiring the existence of L) implies Case (j4j). 

Recall, m(M) denotes the number of roots of unity in M. Applying Theorem 
12.181 we get the following consequence: 

Corollary 6.5. Let M/K be a non-sensitive extension of number fields and let 
G be a wildly K-admissible group with (\G\,m(M)) = 1. Then G is wildly M- 
admissible and moreover there is an M-adequate G-extension L/M and a division 
algebra D with L as a maximal subfield so that D is defined over K . 

Remark 6.6. Note that as Proposition 15.91 does not hold for tame extensions (in 
fact a converse statement holds). Thus, Theorem I6.2[ Proposition I6.3[ Remark 16.41 
and Corollary 16.51 do not continue to hold for non-wild extensions. We shall see 
examples in the following section. 

7. Examples 

In this section we give counterexamples for all the implications not claimed in 
Theorem 13.11 Let us first show that neither (j4j) nor ((7|) imply any other condition 
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except (CQ). For this, by the implication Diagram l3.il it is sufficient to show that 
& ©, © ¥> &, & and that ([!]) & ©■ We will show that © 7^ (® 
by demonstrating that (J6]) ^4- (J4]). In fact an example for ([6]) (J4]) will show 
no other condition, except ([5]), implies Condition (J4]). To complete showing that 
any other implication does not hold we should also prove ([HD 7^ (0), (E]) 7^ (EJ), 
© ^ dU) and © ^ (ED. 

Remark 7.1. If F\ and Fi are field extensions of F such that L = Fi<S>fF2 is a 
field, and F\jF and L/F\ are Galois, then L is Galois over F. 

Example 7.2 ((0}, © ^ ©). Let p = 1 (mod 4), C7 = (Z/pZ) 3 and K = Q(i, y/p). 
Note that p splits in iT. Denote the prime divisors of p in K by f i, t>2- 

Let K v .(p) be the maximal abelian pro-p extension of K v .. By local class field 

theory the Galois group Ga\.(K v .{p) /K Vi ) is isomorphic to the pro-p completion 
of the group K*. and thus has rank [K v . : Q p ] + 1 = 3 (see [13], Chapter 14, 
Section 6). This can also be seen by taking the abelinization of the Galois group 
in Theorem 12.191 

Since K Vl = K V2 = Q p (y/p) this shows G is realizable over K Vl , K V2 and hence by 
the Grunwald-Wang Theorem, G is fC-admissible. Let M be a i^-adequate Galois 
G-extension of K so that M v . is the maximal abelian extension of exponent p of 
K Vi , namely the unique G-extension of K v .. One also notices that G is realizable 
over M Vl , M V2 and hence G is M-admissible. We deduce that (K, M, G) satisfies 
condition ([7]). To show that (K, M, G) satisfies (jlj) it is sufficient to notice that 
t>i,t>2 have unique prime divisors Wi,u>2 i n M. Every division algebra D whose 
invariants are supported in {wi,Wz} is /^-uniformly distributed and hence D G 
Im(res^). Take D with 

mv Wl (D) = \, mv W2 (D) = — \ 
p 6 ' p 6 

and inv^(D) = for any other prime w of M. We then have D G Im(res^), D is 
a C7-crossed product division algebra and hence (K,M,G) satisfies (T4|). 

Let us show (T2J) is not satisfied. Suppose on the contrary that there is a triple 
(L Q ,L,D) realizing ([2]). By Remark l7.lt L/K is Galois and 

Ga\(L/K) = Gal(L/L ) x Gal(L/M) = G G 

via some homomorphism <p : G — > Aut(G) = GL^Fp). As G is a p-group, is a 
homomorphism into some p-Sylow subgroup P of GLs(F p ). These are all conjugate, 
so we can choose a basis {vi, v 2, t^} of F 3 for which P is the Heisenberg group (in 
other words the unipotent radical of the standard Borel subgroup), generated by 
the transformations: 

(f) x (a, b, c) = (a + b, b, c), 4> y (a, b, c) = (a, b + c, c), n (a, b, c) = (a + c, 6, c) 

which correspond to the matrices 

/ 1 1 \ / 1 o o \ / 1 1 \ 
x= 1 ] ,y= 1 1 ,«= 1 . 

\ooiy \ooiy \ o o 1 / 
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Note that P has the presentation 

P = (x,y,u \ x p = y p = u p = [x, u\ = [y, u] = 1, [y, x]=u). 

Every subgroup of the form Fp x G is a maximal subgroup of G x G and thus 
the Frattini subgroup $ of G x^ G is contained in 1 x G. Now the subgroup 
H = (vx,V2) < G is invariant under the action of P and hence under the action of 
G via 0. So, G x^if < G x^G is a maximal subgroup and $ < 1 x H. This shows 
that dim Fp G/$ > 4 and thus G x^, G is not generated by less than 4 elements. 
Therefore G x G is not realizable over Q p (y / p). 

On the other hand both L/M and M/K have full rank at Wi and v% and hence 
Ga\(L w J K Vi ) = G x G which is a contradiction as G x G is not realizable over 
K Vi . Thus, (K,M,G) can not satisfy Condition ©. 

Example 7.3 (® ^ ©, © ^ ©). Let p = 1 (mod 4) and AT = Q(i), and let 
f i, t>2 be the two prime divisors of p in if. Let G = F P and P = F p I (Z/pZ) so that 
P = G xi (x) where x p = 1. Since P is a wreath product of abelian groups it has 
a generic extension over K and hence P has the GN-property over K (see |10j). 
The maximal p-extension Q p (p) has Galois group Gq p (p) := Gal(Q p (p)/Q p ) which 
is a free pro-p group on two generators. As P is generated by two elements it is 
realizable over Q p . Combining this with the GN-property we have a P-extension 
L/K for which Gal(L v jK Vi ) = P for i = 1, 2. Let us choose M = L G the G-fixed 
subfield of L. 

Then clearly L/M is an M-adequate extension which is defined over if since 

GaI(L/K) = Ga\(M/K) x Gal(L/M). 

The subfield L = is if-adequate since [(L ) Vi : K Vi ] = p p for i = 1, 2 and 
hence (K,M,G) satisfies Condition (jSJ). 

(We write (L ) Vi even though L /K is not Galois, since t>j has a unique prime 
divisor in L for i = 1, 2.) 

Now since G is an abelian group of rank p > 2, G is not realizable over 
K Vl ,K V2 = Q p and hence not if-admissible. It follows that (K,M,G) does 
not satisfy Condition (j7j). In order for (K,M,G) to satisfy Condition ([3]) there 
should be a G-extension Lq/K for which LqM is M-adequate. In particular, 
GaX((LoM) Vl /M Vl ) = G and hence Gal((L ) Vl / K Vl ) = G which contradicts the 
fact that G is not realizable over K Vl = Q p . Thus (K, M, G) does not satisfy 
Condition either. 

Example 7.4 (©7^©, ©7^©)- Let p = 1 (mod 4) and v be its unique prime 
divisor in K = Q(y^). Let M = Q(v^,i) and G = (Z/pZ) 3 . 

By the Grunwald-Wang Theorem ([15]) there is a Galois G-extension Lq/K for 
which Gal((L Q ) v / K v ) = G. Then L/M, where L = L M, is a Galois G-extension 
for which Gal(L v jM v .) = G for each of the two prime divisors t>i,t>2 of v in M. 
Thus L is M-adequate and (K,M,G) satisfies Condition ©. But as p has a 
unique prime divisor in K and G is not metacyclic, G is not if-admissible and 
hence (K,M,G) does not satisfy Condition ©. 

Let us also show that (K, M, G) does not satisfy Condition ©. Assume, on the 
contrary, that (L , L, D , D) realizes ©. Then, as L is if-adequate there are two 
primes Wi,w 2 of K for which [(L ) w . : K w .} = \G\. Without loss of generality we 
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assume wi ^ v (otherwise take W2). Then Gal(L Wl /M Wl ) = G since (L ) Wi nM Wl = 
K Wl . This is a contradiction since tamely ramified extensions (such as L Wl /M Wl ) 
have metacyclic Galois groups. Thus (K,M,G) does not satisfy Condition dBJ). 

Remark 7.5. Let us also show that (K,M,G) does not satisfy (TJ]) (so that this 
example will also show that (J3]) 7^- &)■ Assume on the contrary that there 
are D ,D and L as required in (J3J). Since D contains L as a maximal subfield, 
Gsl(L Vi /M v .) = G and iav Vi (D) = 2£ where (m i; p) = 1, for i = 1,2. Note that 
G is realizable over M„ only for divisors t> of p, so that iiw u (D) = ^ for suitable 
m u G Z for any u 7^ t>i, t>2- Now, since D is in the image of the restriction, we have 
m i — m 2- The sum of M-invariants of D is an integer and hence p \ mi +m 2 = 2m 1 
which contradicts (jrii,p) = 1. 

Example 7.6 ((j4j) 7^- ([7])). Let p be any odd prime, and q a prime = 1 (mod p). 
Let K = Q{y/p), so that q splits (completely) in i^. Let v be the prime divisor 
of p in and w a prime divisor of q in Let M be a Z/pZ-extension of in 
which f splits completely and w is inert. Let G = (Z/pZ) 3 . 
Consider the ii'-division algebra D whose invariants are: 

mv v (D ) = —, inv w (D ) = — - 

and iuv u (Do) = for any other prime u of K. Now D = Dq(B)kM has M-invariants 
mv Vi (D) = ^3 for the prime divisors t>i,t>2, • • • ,v p of v in M, inv = — ^ for 
the prime divisor of w and inv u (D) = for any other prime u of M. Note that 
G is realizable over M Vi = K v and since q = 1 (mod p), (Z/pZ) 2 is realizable over 
M w /. By the Grunwald-Wang Theorem, there is a Galois G-extension L/M for 
which: 

GaKL^/M^) = G for z = 1, . . . ,p, and Gal(L TO //M TO /) = (Z/pZ) 2 . 

Thus L is a maximal subfield of D and (K,M,G) satisfies condition (jlj). Since 
p has a unique prime divisor in K and G is not metacyclic we deduce G is not 
i^-admissible and hence (K,M,G) does not satisfy Condition ([7]). 

Example 7.7 (([HD 7^ Q). Let p > 13 be a prime for which p = 1 (mod 4). Let 
K = Q(fip) and M = Q(/U 4p 2) = Q(i 7 /i p 2). Let G be the following metacyclic group 
of order p 3 : 

(7.1) G = (x,y \ x p = y p2 = 1, x" 1 ^ = y p+1 ^. 

Note that p splits in Q(z) and has exactly two prime divisors fi,f2 in M. Let w 
be the unique prime divisor of p in K. 

Let us first show that (K,M,G) does not satisfy Condition (j4j). As M does 
not satisfy Liedahl's condition, G is not realizable over M v for any t> 7^ fi,f2- 
Assume on the contrary there is an M-adequate G-extension L/M and an M- 
division algebra D which is defined over K and has a maximal subfield L. Then 
necessarily: inv„j_(D) = inv„ 2 (D) = -% for some (a,p) = 1. But as the sum of 
invariants of D is and G is not realizable over any other v we have p | 2a or p | a. 
Contradiction. 

We claim that (K, M, G) satisfies Condition flg}. Let a p+1 E Gal(Q(/i p2 )/Q) be 
the automorphism that sends <J p+ i(() = ( p+1 where ( is a primitive root of unity 
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of order p 2 . Thus a p +i fixes \i p and hence a p+ i G Ga\(Q([i p 2)/K). As G satisfies 
Liedahl's condition over K, G is realizable over infinitely many primes of K (see 
the proof Theorem 29 in [I] or [5j Theorem 3.24]), so choose one such prime w 
which is not a divisor of p. Since [-K" U :Q P ] = p — 1, G is also realizable over K u . 
Moreover, we claim there is a G-extension Lq/K u for which M u D Lq = i\" M . The 
following Lemma proves even more. 

Lemma 7.8. Lei = Q p (/i p ), one? Ze£ G be the group defined in (17.11) . Then, given 
a G-extension m/k, there is a G-extension l/k for which mHl — k. 

Proof. For any G-extension l/k we note that Gal(/ Dm/k) is an epimorphic image 
of G and as such it is either G or an abelian group. Thus if I intersects with m 
non-trivially then it also intersects with m! = m/ yP ^ (the fixed field of y p which 
also corresponds to the abelinization of G). We note that Gal(m'/k) = (Z/pZ) x 
(Z/pZ). The maximal abelian group realizable over k is of rank p — 1, and since 
> 4 there is a (Z/pZ) 2 -extension I'/k which is disjoint from ml and for which 
the epimorphism 7r : G& — > G&l(l'/k) splits through a free pro-p group of rank 
Thus /' is disjoint from m' and hence to m. Embedding I' into a G-extension 
produces a G-extension which is disjoint to m. This is possible since the following 
embedding problem for Gk- 

Gk 

/ 

/ 

/ 

/ / 

G (Z/pZ) 2 0, 

splits through a free pro-p group of large enough rank and hence has a surjective 
solution. □ 

By Corollary 12.171 there is a G-extension Lq/K for which GeA((Lo) w / K w ) = G 
and (L ) u = Lq. So L is iT-adequate. Let L = L M. As M u fl Lq = K u we have 
GaX(L Vi /M v .) = G for i = 1,2. Thus L/M is an M-adequate G-extension and 
(K,M l ,G) satisfies Condition ©. 
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